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An introduction to soft-particle Molecular Dynamics (MD) simulation. This file is also a working MD simulator. A
companion file introMDpbc.m is a so available with fewer comments.

* [ MDlIntro.pdf ] pdf version.
* [ MDIntro.php ] html version.

Theory I. Solving Newtons Laws for collection
of particles

A Molecular Dynamics (MD) simulation isacomputer simulation of Newton's Lawsfor acollection of N

particles. The ¥i-th particle at initial position i ['T]Jl'with velocity Un [ﬂ} moves according to Newton's
Law:
) N
':f_ . & — = = N — ;
ﬂ-l-r-; E-rwlr‘] = _E',,I_ﬂ = E '!J.'I..'TLI.I'] i .I!I'“ ”l':l' ]-l
M=1

where 1 1Ir-:e. isthe mass of particle?, F 'i.'r' ) istheforce on particle 1%, F‘-!‘rl 'It'! ) istheforce on particle

e o
1t from particle 1%, and F;!. “} is the sum of all external forces. For this introduction, we assume that

the forceis obtained from a scalar potential cf:“- 2y, such that
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Figure 1: Diagram defining particle-particle in-
teraction variables.

MDf i gures(1);

We will further assume the particles are disks with a simple harmonic potential :

' L, o 1.4
q’”:."fwz:-'rlu.: = q’”:,l'rlwz :'::.'l. ] — qal.dnrn-] — EIL I:.J[} lﬂ.l.'l..'n.-'_ = EITL':]_ |::I"{-':'|
where
Ifg:l..'rl. :I-:m - ;r?.'l. _Hb]

is the vector pointing from the center of particle ¥t to the center of particle ¥t and
{i.'l..'IL |I'-{|g-r.-; H [ﬁ-:"]

J isamaterial constant that determines how hard the material is, £ isthe particle diameter, and
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d=D—|dw| [3d]
isthe particle overlap. (See Figure 1.) Differentiating the potential, the force

ﬁm ~Kéd . [.""'rf:]

The direction of the forceis opposite to the unit vector Ei!1.3 fie. pointing from particle 1 to 11, which pushes
the particles apart. From Newton's third law the force on particle ¥t from ¥t is

F_'m“ - f‘-'.'r.r.' ' [ﬂf]

In this introduction we use a contact force, which only acts when the particles are in contact. That is, the
forceiszeroif

d <= (. [3g]

Simple Molecular Dynamics Simulation

introM Dpbc.m contains the same code without the explanation:

Experimental Parameters (particle)

Here we define all of the particle parameters needed to determine the forces between particle pairs:

N=80; % nunber of particles

D=2; % di aneter of particles
K=100; % force vector n<-m Fnm=-K*(D/ | dnni -1)*dnm where vect dnn=Xm Xn
M=3; % mass of particles

Experimental Parameters (space-domain)

This simulation uses a periodic domain. In a periodic domain there are copies or images of each particle

separated by -L.r and Lh‘ such that for each particleapositions':”'r y) there are also particles at
(& + kLz,y + ILy),

for all integers.i: and [. In the main simulation box & = ('and{ = (. For this simulation we need the
distance between all particle pairs, but since we have a short range potential [3g] we only need the nearest
image distance. This calculation is done below in the main loop.

Here we define parameters needed to determine the space-domain for the particles in a periodic box of
sizelLx by Ly.

Lx=10*D; % size of box
Ly=10*D;
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Experimental Parameters (initial conditions)

We choose random velocities with the property that the total kinetic energy:
M 2* sum( vx. *2+vy. *2) =KEset .

KEset =5; % initial total Kinetic Energy (KE)

Experimental Parameters (time-domain)

Thetime-domainisfromOto TT.

TT=1; %total simulation tinme (short for deno).

Display Parameters

This section controls the simulation plotting animation

deno=t r ue; %true for this deno
pl otit=fal se; % plot ? off for this deno
Npl ot ski p=50; % nunber of tinme steps to skip before plotting

Theory II: Numeric integration of Newton's
laws Part |

To solve [1] wefirst rewrite it astwo first-order equations:

d -

E.Ln[.” "-1“'}- .
4]

d .

—— I"t E = .!'::!_ t "..:.1".{_-:-

2ot = Fuo)

When solving [4] numerically, time is broken up into discrete steps of size Af (i.e, £ = kAL, where
k isaninteger). If Af is small we can approximate [4] with:

[En ((k + L)AL) — T(kAL)] /AL = T (kAt).
[ (K + 1)AL) — T, (kALY /AL ~  F(t)/M,.

Solving for the later timest® + L)AL in tarms of earlier timesk AE:

FE = g ((k+Al) =~ #P @0 A
6]
) = g ((k+ DAl =~ &+ FY M.
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Equation [6] discovered by L. Euler is called the Euler Method and could be used to integrate the system

a fu

. =Ak+D) o Ak ) o)
to get the new positions=&* 1 and velocities ' from the old positions+'n *, velocities s, and
F:;J:‘u {I"J‘ } _ Y 3 _
forces® = i\ J which only dependson-“r . However [6] is not recommended. If we use [6] the

energy of the system will grow without bounds as seen in Figure 2. To make a useful integration scheme
—{k+1) _{k+1)

we can change the order of integration. If we calculate Vs first we can use it to calculate =& 1

These equation are an enhanced version of Euler's method called the Semi-implicit Euler Method:

+1) k) . Sk
.EEI';;‘ I = ‘r-'.r: T -F‘rg I.'l .'1 Imjlr s

y

Jk<411 k) k1]
Tn ~ Fp +Tn AL

Figure 2 compares an Euler simulation from eulerMDpbc.m with an semi-implicit Euler simulation from
eEulerMDpbc.m. The semi-implicit Euler method is the simplest example of a general method called
Symplectic Integration, which is designed to conserve energy.

Figure 2: Euler vs. Semi-implicit Euler Integra-

tion.

The following code is used to produce figure 2. External files eulerMDpbc.m and eEulerMDpbc.m are
used.

KE=5; %initial Kinetic Energy

Ts=100; %total simulation tinme

[ EK Ep] =eul er MDpbc( 10, KE, Ts, fal se); % 10 particle--Euler integration
eTe=Ek+Ep; % save total energy for Euler;

[ EK Ep] =eEul er MDpbc( 10, KE, Ts, fal se); % 10 particle--Sem -inplicit Euler
eTse=Ek+Ep; % save total energy for sem-inplicit
Nt =I engt h( Ek) ; % nunber of tinme steps
t=(0:Nt-1)/Nt*Ts; % sinulation tine

f s=25;

plot(t,eTe,t,eTse, ' r','linewidth ,2); %plot total energy

axi s([0 Ts 0 inf]);

set(gca, ' fontsize',fs);

x|l abel (" Tine');

yl abel (' Total Energy');

text (80, eTe(fix(90/ Ts*Nt))," Euler', ...
"color',"b","'fontsize',fs," horizontal','right');

text (80,.9*KE, "' Sem -inmplicit Euler',...
"color',"r',"fontsize' ,fs,...
"horizontal','right',"vertical', top');

Eul er
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Theory II: Numeric integration of Newton's
laws Part Il

It is clear that energy conservation is poor using the (blue) Euler method. In principle Equation [7] could

be used for simple MD simulations. However, both methods are only accurate to first order in Ad, and
this limits the usefulness of the semi-implicit Euler method.

In this introduction we use a Symplectic Integrator with errors proportional to [—U' " and good energy
conservation dueto L. Verlet called Velocity Verlet integration. The main drawback of the semi-implicit

Euler method the error is proportional to M. since we used dt =0. 01, we can expect errors of order
1% (see Figure 3). Sometimes that is not sufficient. One option is to decrease dt , but the drawback is
that the simulation timeisincrease proportionally. Sowithdt =0. 01/ 100=0. 0001 semi-implicit Euler
would give error of order 0.01% the simulation time would increase by a factor of 100. To overcome this
deficiency Verlet devised a different integration scheme based on a second order approximation to [4]
asfollows:
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Figure 3: Velocity Verlet vs. Semi-implicit Euler
Integration.

The following code is used to produce figure 3. External files verletMDpbc.m and eEulerMDpbc.m are

used.

KE=5; %initial Kinetic Energy
Ts=100; %total sinulation tinme

[ EK Ep] =verl| et MDpbc( 10, KE, Ts,fal se); % 10 particle--Verlet integration
eTv=Ek+Ep; % save total energy for Verlet;
Nt =l engt h( EK) ; % nunber of tinme steps
t=(0:Nt-1)/Nt*Ts; % sinulation tine

f s=25;

plot(t,eTv,t,eTse, ' r', " linewidth',2); %plot total energy

hol d on;

plot(t,[0*t+1. 01*KE; O*t+. 99*KE],"'r--',"'linewidth' ,2); %1% error
plot([73 85],[1.014 1]*KE, ' linew dth', 2);

hol d of f;

axis([0 Ts 5*(1+[-.02 .0201])]);

set(gca, ' fontsize', fs);

x| abel (" Tine');

yl abel (" Total Energy');

text (50, 1. 014*KE, ' Vel ocity Verlet', ...
"color',"b'","'fontsize',fs,"' horizontal','center');

text (50, .988*KE, ' Semi -inplicit Euler \pm 1%, ...
‘color','r","fontsize',fs,...
"horizontal','center', 'vertical','top');
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Figure 3: Velocity Verlet vs. Semi-implicit Euler
Integration (caption).

Figure 3 showsthetotal energy over timefor a10 particle system using the Semi-implicit Euler integration

method from [7] (red) and Velocity Verlet from [8-10] (blue). Red dashed lines show a range of + l?{J.
The error for the Velocity Verlet is#= 101 times smaller.

Simulation Parameters

Regardless of the integration method At (dt in code) must be determined. Here we use a fixed time
~ /MK /20
step dt =0. 01 — W /AN

simulationtime TT.

. The total number of time steps Nt is determined from the total

dt =le- 2; %integration tine step
Nt =fix(TT/dt); % nunmber of tinme steps

Initial Conditions (Positions)

The particles need to be placed in the box with minimal overlap to avoid excess potential energy at the
beginning of the simulation. For moderately dense systems asguare grid can be used. The matlab command
ndgr i d creates D spaced points on agrid inside of the Lx by Ly box. r andper mrandomly chooses N
positionsfrom al nunel ( x) availablelocations. Thefinal result isapair of matlab vectorsx andy each
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https://www.mathworks.com/help/matlab/ref/numel.html

Molecular Dynamics Simulation

PR

AR

with si ze(x) =[ 1, N| that represents:£'n ~ at each time & AE. Here, for the initial conditions before
the simulation starts% = [ In the code % is represented in matlab as nt , the time step number.

[x y]=ndgrid(D2:D:Lx-D¥ 2, 2: D: Ly-D¥ 2) ; % place particles on grid

i i =randper m(nunel (x), N); % N random position on grid
x=x(ii); % set x-positions
y=y(ii); % set y-positions

Initial Conditions (Velocities)

kY
The velocities vx and vy each with si ze(vx) =[ 1, N represent ¥n ~ at time & AL, Here, for the

initial conditions before the simulation startsf = (. The velocities are chosen randomly from a normal
distribution using r andn. The mean velocity is removed to avoid center of mass drift. The variance of
the distribution is set so that the total kinetic energy: M 2* sun( vx. ~2+vy. *2) =KEset .

vx=randn(1,N)/3; % normal (Maxwell) distribution of velocities
vy=randn(1, N)/3;

VX=VX- mean( vx) ; % renove center of mass drift
vy=vy- nean(vy);

tnp=sqrt (2*KEset/ M sum( (vx.*2+vy."2))); % set Kinetic energy

VX=VX*t np;
vy=vy*t np;

Initial Conditions (Accelerations)

Theaccelerationsfromthef: 1 previoustime step isneed for Verlet's second order integration scheme.

ax_ol d=0*x; % need initial condition for velocity Verlet integration
ay_ol d=0*y;

Save variables

List of quantities to be saved at each time step.

Ek=zeros(Nt, 1); % Ki netic Energy

Ep=zeros(Nt, 1); % particle-particle potenti al
xs=zeros(Nt, N); % Xx- posi tion

ys=zeros(Nt, N); % y- position

vxs=zeros(Nt, N); % x-vel ocity

vys=zeros(Nt, N); % y-velocity

Figure 3: Setup Plotting

Here we use an external function plotNCirc.m to create an animation of the simulations progress. plot-
NCirc returnsan array of handlesh toar ect angl e object for each of the N particles. Matlab rectangles
contain acurvature property with turnsthem into circles. The handles are used | ater to animate the particle
positions. An example initial condition is shown here.
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NB: periodic images of particles are not shown

if(plotit || denp) %only if plotit true
clf; % clear figure
h=pl ot NCirc(x,y,D,'none'); %plot particles no color; store handle h
axi s(' equal '); % square pixels
axis([0 Lx 0 Ly]); % pi l oting range
end
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Main Loop

In the main loop the simulation steps through Nt time steps, advancing time, the particle positions, forces,
and velocities. Comments refer back to sections and equations above.

for nt=1: Nt

% plot particles
if(plotit &% ren(nt-1, Npl otskip+1)==0) %nt-1 divides Nplotskip+l
xp=nmod( x, Lx);
yp=nod(y, Ly);
for np=1:N
set(h(np), ' Position',[xp(np)-.5*D yp(np)-.5*D D D]); % update handl e
end
dr awnow,
end

X=x+vx*dt +ax_ol d*dt~2/2; % first step in Verlet integration eq.][8]

10
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y=y+vy*dt +ay_ol d*dt*2/ 2;

% posi ti on dependent cal cul ati ons

xs(nt, :)=x;
ys(nt,:)=y;

% Force between particles eq.

Fx=zeros(1, N);
Fy=zeros(1, N);

for nn=1: N
for mwnn+1l: N
dy=y(mm -y(nn);
dy=dy-round(dy/Ly) *Ly;
i f (abs(dy)<D)
dx=x(rmm - x(nn);
dx=dx- r ound( dx/ Lx) *Lx;
dnnedx. A2+dy. *2;
i f(dnnxD*2)
dnmesqrt (dnn ;
=-K*(D/dnm 1);
Fx(nn) =Fx( nn) +F. *dx;
Fx(m) =Fx(mm - F. *dx;
Fy(nn) =Fy(nn) +F. *dy;
Fy(mm) =Fy(nm) - F. *dy;

Ep(nt)=Ep(nt)+(D-dnm."2; %

end
end
end
end
Ep(nt) =K/ 2*Ep(nt);

ax=Fx. /M
ay=Fy./ M

vx=vx+(ax_ol d+ax) *dt/ 2;
vy=vy+(ay_ol d+ay) *dt/ 2;

% vel ocity dependent cal cul ati ons

% eq [10] second step in Verlet

Ek(nt)=Mrsun( (vx."2+vy."2))/2;

vxs(nt,:)=vx;
vys(nt,:)=vy;

ax_ol d=ax;

ay_ol d=ay;
end

m-files

e MDIntro.zip All filesin one zip file.

% need for

% save positions

[9] and [3a-g]

% zero forces

% check particle n

% agai nst particle mfrom n+1->N

% [ 3b] y-conp dnmvector fromfrom n->m
% cl osest periodic image

% [3g] y-distance cl ose enough?

% [ 3b] x-conp dnm vector fromfrom n->m
% cl osest periodic i nmage

% [ 3c] squared di stance between n and m
% [ 3g] overl appi ng?

% [ 3c] distance

% [ 3d-e] force magnitude

%[9,3e] accumulate x force on n
%[9,3ef] x force on m (equal opposite)
%[9,3e] accunmulate y force on n
%[9,3ef] y force on m (equal opposite)
3a] particle-particle potential |

— e ——

% eq [3a] particle particle potential 11

%eq [9] calc a from F=Ma

i ntegration

% Ki neti c energy
% save velocities

eqs [8-10] save for next step

» MDIntro.m Introduction to Molecular dynamics (This File).

» MDiIntro.pdf (pdf version).

11


MDIntro.zip
MDIntro.m

Molecular Dynamics Simulation

introMDpbc.m Version of thisfile without discussion.

introM Dwalls.m Version with walls instead of periodic boundaries.
eulerM Dpbc.m Function to demonstrate Euler Integration.

eEulerM Dpbc.m Function to demonstrate Semi-implicit Euler Integration.
verletM Dpbc.m Function to demonstrate Vel ocity Verlet Integration.

M Dfigures.m Create figures.

plotNCirc.m Plot N circles and return handles.

Published with MATLAB® 7.14
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